We calculate the rational toral ranks of two spaces whose cohomologies are isomorphic and note that rational toral rank is a rational homotopy invariant but not a cohomology invariant.
Introduction.
Let rk 0 (Y ) be the rational toral rank of a simply connected space Y , that is, the largest integer r such that an r -torus T r = S 1 × ··· × S 1 (r -factors) can act continuously on a CW-complex which has the rational homotopy type of Y with all its isotropy subgroups finite. For example, rk 0 (Y ) = 1 if Y has the rational homotopy type of an odd-dimensional sphere S 2n+1 .
Let Q be the field of the rational numbers. For a finite-dimensional Q-commutative graded algebra A * with A 0 = Q and A 1 = 0, we put Here ∨ and # denote a one point union (wedge) and a connected sum, respectively. For these A * , we can check that M A * is two points as in [5] or [6] .
What do we know about the set r A * , namely, the function rk 0 : M A * → {0, 1, 2,...}? For example, We consider the following questions. So we may try to construct inductively for 1,...,i, the KS extensions:
In the following, we consider the particular case of i = 1.
inclusion is an equality.
Since
D). Thus we have
Then we have
A commutative graded algebra A * with dim A * < ∞ will be said to have formal dimension n if A n = 0 and A i = 0 for all i > n. For example, the formal dimensions of (1), (2), (3), and (4) are 5, 11, 5, and 7, respectively. From Lemma 2.1 the following corollary may be useful to estimate a rational toral rank to be nonzero.
Proof. The "if" part is proved as follows. Since
The "only if" part follows from Lemma 2.3.
Proof. The "if" part is obvious from Lemma 2.3. Now we show the "only if" part. For some k ≥ n, assume that
Now we give a map
where
Since ρ k+1 is bijective, from the following paragraphs we see that Z k+1 = V k+1 with
Dv ≡ dv mod(t) for v ∈ V k+1 from the construction of minimal d.g.a.'s such that
Hence there is an element
From Lemma 2.1, we have the following.
In the following, X is formal and Y is nonformal.
Examples
Example 3.1. 
with |x| = |y| = 3, |w| = |u| = 8 and X has the minimal model 
Put Dx = Dy = 0 and Dz = xy + t 3 . Then dimH 
cannot be finite. From the case of r = 2 in Lemma 2.1, we have rk 0 (X) = 1.
Let Y be the nonformal space with
with
Since the right-hand side is equal to
we have
On the other hand, let
Hence (3.7) will be 
(3.15)
Let (∧Z, D) be the formal minimal model M B * for the Poincaré duality algebra 
